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^j Abstract 

We study a cross-ratio of four generic points of S 3 which comes from spherical CR geometry. 
r | ' , We construct a homomorphism from a certain group generated by generic configurations of four 

points in S 3 to the pre-Bloch group 'P(C). If M is a 3-dimensional spherical CR manifold with 
a CR triangulation, by our homomorphism, we get a V(C)- valued invariant for M. We show 
that when applying to it the Bloch-Wigner function, it is zero. Under some conditions on M, we 
show the invariant lies in the Bloch group B(k), where k is the field generated by the cross-ratio. 
For a CR triangulation of Whitehead link complement, we show its invariant is a non-trivial 
torsion in B(k). 

-^ '. 1 Introduction 

One can define a number of invariants out of a 3-manifold M equipped with a complete real 
hyperbolic structure. For instance, by Mostow's rigidity theorem, the volume of a hyperbolic 3- 
manifold turns out to be a topological invariant of the underlying manifold. Another such invariant 
is Chern-Simons invariant CS(M) with values in R/Z ( [CS] ). Both invariants can be seen as 
arising from an invariant associated to a hyperbolic manifold with values in the Bloch group (for 
the definition see Section [2]). The Bloch group B(C) is a subgroup of the pre-Bloch group V(C) 
which is defined as the abelian group generated by all the points in C \ {0, 1} quotiented by the 
5-term relations. The volume and the Chern-Simons invariant can then be seen through a function 
(the Bloch regulator) 

B(C) 



O 

o 
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The imaginary part being the volume and the real part being CS(M) mod Q. 

Another geometric structure on 3-manifolds which has been studied for a long time is the 
Cauchy-Riemann (CR) structure. More precisely, consider S 3 C C 2 with the contact structure 
obtained as the intersection D = TS 3 n JTS 3 where J is the multiplication by i in C 2 . The operator 
J restricted to D defines the standard CR structure on S 3 . The group of CR-automorphisms of S 3 
is PU(2, 1) and we say that a manifold M has a spherical CR structure if it has a (S 3 ,PU(2, 1))- 
geometric structure. 

A configuration of four points in S 3 can be thought as defining a CR simplex which can be 
parametrised through certain cross-ratios. In this paper we obtain an invariant associated to 
a simplicial complex by CR simplices with values in the pre-Bloch group V(C) and with some 



* Q.Wang was supported by NSFC grant #10801034. 



additional hypothesis, it lies in 6(C). In fact one can define the invariant in V(k) where k is the 
field generated by the cross-ratios of the simplicial complex. In the case k is an imaginary quadratic 
extension of a totally real field and if the invariant is in B(k), a theorem by Borel will imply that 
the element is torsion and therefore CS{M) = 0. It is interesting to compare this result with the 
real hyperbolic geometry case; Neumann and Yang |NY1| proved with the same hypothesis that 
CS(M) = 0, although the corresponding element in the Bloch group is never a torsion since the 
hyperbolic volume is non-vanishing. On the other hand, in Section 15.21 we have examples with 
invariants which are non-trivial torsions in the Bloch group. 

The paper is organized as follows. In the second section, we recall the basic definitions of (pre)- 
Bloch group, cross-ratio structures, triangulations, and CR geometry. In the third section, we 
study a complex of configurations of generic points in S 3 , and a homomorphism to the pre-Bloch 
group V(C). For a 3-dimensional spherical CR manifold M with a given CR triangulation, we 
associate a "P(C)-valued invariant [M] which is independent of the triangulation. We show that 
when applying to it the Bloch- Wigner dilogarithm function, it is zero. In the fourth section, we 
show that when M is closed with holonomy with coefficients in a number field or non-compact with 
unipotent parabolic boundary holonomy, the invariant [M] lies in the Bloch group B(k), where k 
is the field generated by the cross-ratio. For such an M, we define its Chern-Simons invariant as 
the real part of p([M]), where p is the Bloch regulator map. In the last section, we compute the 
invariant for certain simplicial CR structures on the complement of the figure eight knot and the 
Whitehead link. The torsion element we find associated to the Whitehead link and figure-eight 
knot (see Section 5) is a very basic torsion element and it is null if we adopt a different definition 
of the Bloch group (see Remark after Definition 14. 3p . On the other hand, we do not have examples 
of CR simplicial complexes with non-torsion invariant in the Bloch group. 

2 Preliminaries 

In this section, we recall the basic definitions and properties of (pre)-Bloch group, cross-ratio 
structures, triangulations, and CR geometry. 

2.1 The Bloch group 

We consider an arbitrary field F in the next definition although we will only use C, R and number 
fields in this paper. There are several definitions of the Bloch group in the literature but we will 
follow conventions of |Slj . 

Definition 2.1 The pre-Bloch group V{F) is the quotient of the free abelian group 7L\F \ {0, 1}] by 
the subgroup generated by the 5-term relations 

N-[y] + [-]"[^^] + [^], Vx,yGF\{0,l}. (1) 

x \ — y L 1 — y 

Consider the tensor product F* ® z F* , where F* is the multiplicative group of F. It is an 
abelian group satisfying, for n an integer, n(a <g) 6) = a n b = a(&b n . 

Let T = (x (g) y + y x \ x, y £ F*) be the subgroup of F* (g) z F* generated by x ® y + y ® x, 
where x,y £ F*. 

Definition 2.2 /\ 2 F* = (F* ® z F*)/T. For x, y £ F* , we will denote by x Ay the image of x®y 
in/\ 2 F*. 



Note that, for x, y S F*, we have x A y = — y A x and 2 x A x = 0. But x A x = is not necessarily 
true in /\ F*. 

Definition 2.3 T7je Block group B(F) is the kernel of the homomorphism 5 : V{F) —t/\F*, 
which is defined on generators ofP(F) by 6([z\) = z A (1 — z). 

When F = C, V(C) ( |DSj theorem 4.16) and B(C) ([Si]) are uniquely divisible groups and, in 
fact, are Q- vector spaces with infinite dimension ([Slj). In particular they have no torsion. On 
the other hand, when the field is R there exists torsion. In particular, for all x £ R — {0, 1}, the 
element [x] + [1 — x] € B(R) does not depend on x and has order six (see [Si] prop. 1.1 pg 220). 

We will need the following result for B(k) when k contains a cubic root of unity: 

Lemma 2.4 Suppose k is a field containing a cubic root of unity. Then 



2[z] 



1 



1 



VzG fc\{0,l}. 



Proof. By [SI] Lemma 1.5 (c), we have 

2([z] + [l-z}) = 0. 
From Lemma 1.2 of |S1| . we obtain 

1 



2([l-z] + 



1-z 



Therefore, 



2[z] 



-2[l-z] = 2 



) = 0. 



1-z 



□ 



Consider the complex conjugation in C and its extension to an involution: 

a : Z[C \ {0, 1}] ->-Z[C\{0,l}]. 

As a preserves the 5-term relations, it induces an involution on the pre-Bloch group V(C) which 
we will also denote by a. Let 

be the decomposition of V(C) into the two subgroups preserved by the involution. They are the 
eigenspaces of a acting on the Q- vector space V(C). We have o~{z) = z for z G V(C) + and 
a(z) = —z for z £ V(C)~ . Analogously 

B(C) = B(C) + + B(£)- . 

By |Slj Lemma 1.3], for any x, y £ F — {0, 1}, [x] + [1 — x] = [y] + [1 — y] in V(F). That is, the 
element [x] + [1 — x] G £>(-F) is independent of the choice of x, hence the following definition makes 
sense. 



Definition 2.5 cf '■= [x] + [1 — x] £ B(F), where x is any given element of F\ {0, 1}. 



Let K^ r (F) denote the Milnor K-groups of F, and K*{F) denote the Quillen's algebraic K- 
groups of F. It is well-known that Kf(F) 21 K X (F) = F* and K^(F) ^ K 2 (F). There is a 
natural map from K//f(F) to K n (F) for each n. The cokernel of this map is called the group of 
indecomposable elements, denoted by K^ d (F). 

For n = 3 and F an infinite field, we have the following fundamental exact sequence, due to 
Suslin ([SH Theorem 5.2]): 

► Tbr(/x(F),/x(F))~ ► K™ d {F) -^ 13(F) ► 0, (2) 

where n(F) is the group of roots of unity in F. If charF = 2, Tor (fi(F), /j,(F))~ = Tor (fj,(F),/j,(F)). 
If charF / 2, Tor (/i(F), fi(F))~ is the unique nontrivial extension of Tor (fJ-(F), fi(F)) by Z/2, that 
is, we have the nontrivial extension 

► Z/2 > Tor(/i(F),/i(F))~ ► Tor(/i(F),/i(F)) ► 0, 

For a field extension E/F, there are natural homomorphisms a : K™(F) — > K™ (E) and 
p-.B{F)-+B{E). 

Lemma 2.6 Let F be an infinite field and E/F a field extension. The homomorphism 

sf '■ K™ d (F) — > B(F) in ^) is functorial in E/F with respect to a, {3. That is, we have the 

following commutative diagram: 

K^ d (E) — ?£-*• B(E) 

K l 3 nd (F) — ^-» B(F) 

Proof. It follows from the construction of the exact sequence ([2]) in |S1| . The first step in 
the construction is the homomorphism from H^{GL(F)) to B(F) via spectral sequences, see [Sll 
Proposition 3.1, Theorem 4.1]. The second step is the Hurewicz homomophism from K^(F) to 
Hs(GL(F)), see [Sll Lemma 5.4, Theorem 5.1]. It is clear that both steps are functorial with 
respect to the field extension E/F. Hence the diagram commutes. □ 



Lemma 2.7 Let E be a field of characteristic 0. If Tor(fi(E) , n(E)) has no element of order 3, 
then 2ce £ B(E) has order 3. 



Proof. Denote by o(g) the order of a group element g. Consider the field extension E/Q. By [Sit 
Corollary 5.3], the Bloch group B(Q) is generated by cq and o(cq) = 6. Hence o(2cq) = 3. By 
Lemma 12.61 we have the commutative diagram: 

K^ d (E) -^-» B(E) 





By definition /3(2cq) = Ice- Since o(2cq) = 3, o(2ce) = 1 or 3. It suffices to show that 2ce / 0. 
Since fi(Q) = Z/2, Tor (Z/2, Z/2) = Z/2. Hence Tor(//(Q), /x(Q))~ = Z/4. Now by the fundamental 
exact sequence ([!]), there is a nonzero element q £ ifij nd (Q) such that sq(<z) = 2cq. Since o(2cq) = 3, 
we see that 3|o(g). Let r = a(q). By the above commutative diagram, we get se(t) = 2ce- 
Therefore, it suffices to show that r ^ kers^. Indeed, since Tor(/j,(E), fi(E)) has no element of 



order 3, we see that Tor( / u(i ? ),/i(F))~ does not have an element of order 3 either. Hence it has 
no element of order divided by 3. By [S2[ Proposition 11.3], the homomorphism a is injective. 
Therefore, 3|o(r) = o{q). Now the fundamental exact sequence (|2|) implies that r ^ kers^. Hence 
o{2c E ) = 3. □ 

Consider now a number field k, that is, an extension of Q of degree d < oo. We have that 
k = Q(t), where t € C satisfies an irreducible polynomial with coefficients in Q with degree d. 
Each root of the irreducible polynomial determines a field embedding a : k — > C. There are r\ real 
embeddings (when cr(k) C M) and T2 pairs of complex conjugate embeddings with d = r\ + 2r2- 

Definition 2.8 The Bloch-Wigner function is 

f x dt 

D(x) = arg (1 — x) log \x\ — Im ( / log (1 — t) — ), 

Jo t 

It is well-defined and real analytic on C — {0, 1} and extends to a continuous function on CP 1 by 
defining -D(O) = D{1) = D(oo) = 0. It is well-known that it satisfies the 5-term relation. Hence it 
gives rise to a well-defined map: 

D :T(k) -»R, 

given by 

k k 

D{^2n l [x i ]) = Y,niD{x i ). 
t=l t=l 

Generalizing Dirichlet's units theorem, Borel |Bo| proved the following description of B{k). His 
results are more general and describe the higher K-theory of number fields. The relation to the 
Bloch group and the use of the dilogarithm is due to work of Dupont, Sah, Bloch and Suslin. In 
the following we let <7j,<Tj, 1 < i < T2, be the ri pairs of complex embeddings. 

Theorem 2.9 ([Bo]) Consider the map r : B{k) — > W 2 given by 

[z]->(£>(<7i(*)),... ,D(a r2 (z))). 

Then Im(r) is a lattice in W' 2 and Ker{r) is the torsion subgroup of B(k). 

Recall that we have the Bloch regulator map: 

p : B(C) -»• C/vr 2 Q = M/vr 2 Q iR. 

It is known that the imaginary part of p coincides with the Bloch-Wigner function D. 

2.2 Tetrahedra with cross-ratio structures 

In the following we recall the definition of cross-ratio structures of |F3| . 

Consider a set of four elements A = {po,pi,P2,P3}- We call pi, < i < 3 the vertices of A. 
Let OA be the set of all orderings of A. We will denote an element of OA by \pi,Pj,Pk,Pl] (where 
{i,j, k,l} = {0,1,2,3}) and call it a simplex although we only deal with configurations of four 
points. Given A, there are 24 simplices divided in two classes OA + (containing \po,pi,P2,P3\) and 
OA~ (containing [po,Pi,P3,P2]) of 12 elements each. Each class is an orbit of the even permutation 
group acting on OA. 

The following definition assigns similarity invariants to each vertex of a configuration of four 
points. 



Definition 2.10 A cross-ratio structure on a set of four points A = {po,Pi,P2,Ps} is a function 
defined on the ordered quadruples 

X:OA^C\{0,1} 

satisfying, if (i,j,k,l) is any permutation of (0,1,2,3), the relations 

1. 

X-(pi,Pj,Pk,Pi) = ^t r- 

MPi,Pj,Pi,Pk) 

2. (similarity relations) 

X-(pi,Pj,p k ,Pl) = ~ —, r. 

l-A.[Pi,Pl,Pj,Pk) 

Remarks 

1. To visualize the definition we refer to Figure [TJ For each \pi,Pj,Pk,Pi] £ OA + we define 

Zij = X(pi,pj,p k ,pi). 

We interpret z^j as a cross-ratio associated to the edge [ij] at the vertex i. Cross-ratios of 
elements of OA~ are obtained taking inverses by the first symmetry. In the following we shall 
denote by a sequence of numbers (ijkl) the corresponding invariant X.(ui,Uj,Uk,ui). 

2. The similarity relations can be used to reduce the number of variables to four, one for each 
vertex. One can use, for instance, (zqi, Zio, Z23, -232) £ (C \ {0, 1}) . 

3. If we impose that 

Z12 = 221 = Z34 = Z43, 

we may interpret the configuration of four points as a configuration of points in C-P 1 with z±2 
one of the cross-ratios. 



2.3 Triangulations, cross-ratio structures and an invariant 

A triangulation of a manifold is an explicit description of it as a simplicial complex. Equivalence of 
triangulations was studied in [A] . Alexander defined certain moves on triangulations and showed 
that any two triangulations of a closed manifold are related by a sequence of these moves. A 
particularly simple description of that equivalence was obtained by Pachner [P] through some 
elementary moves. In particular, Pachner proved that any two triangulations are obtained from 
each other through the following two moves and their inverses. 

Definition 2.11 An elementary (or Pachner) move in a simplicial complex defined by a triangu- 
lation is 

• (2-3 move) the substitution of two simplices [uo, ui, 11,2,113] — [uq,U\,v,2,u^\, which have a 
common face, by three simplices —[uo,Ui, 113,11,4] + [uq, U2,us,U4] — [u\,U2, ^3,^4] with one 
common edge and vice-versa. 

• (1-4 move) the substitution of a simplex [uq, 111,112,113] by four simplices 

[U , 111, U2,U4] ~ [UQ,Ui,U3,U4] + [llQ,U2,U3,1l4] - [111,112,113,114] 

by adding a new vertex U4 and vice-versa. 
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Figure 1: Parameters for a cross-ratio structure 

To deal with manifolds with boundary it is useful to introduce ideal triangulations. It is im- 
portant in the following to consider singular triangulations, meaning that we allow self or multiple 
intersections between simplices (along 2-faces). 

Definition 2.12 Let M be a compact manifold with boundary DM. Denote by M the manifold 
obtained by collapsing each boundary component. An ideal triangulation is a singular triangulation 
of M such that its vertices are the points of M obtained from collapsing the boundary components 
ofM. 

A related concept we will not deal with in this paper is that of a spine of a 3-manifold with 
boundary. Ideal triangulations are in natural bijection to standard spines and existence and equiv- 
alence of ideal triangulations were proven through the corresponding existence and equivalence 
theorems for standard spines (a general reference is [Malj ). We will need the following theorem 

([HUE]). 

Theorem 2.13 Any two ideal triangulations of a manifold with boundary can be obtained from 
one another through the 2-3 moves. 

Definition 2.14 Let T be a (ideal, if the 3-manifold is not closed) triangulation of a 3-manifold. 
Let X.(pi,pj,pk,pi) be a cross-ratio structure defined on the simplices. The pair (T, X) is called 
a cross-ratio structure associated to a triangulation if the following compatibility conditions are 
satisfied: 
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1 . Edge compatibility: If \pi , pj , p mo ,p mi ],\pi,Pj,Pmi, Pm 2 },■■■ ,\Pi,Pj, Pm n , Pm } are simplices hav- 
ing the edge [pi,Pj] in common then 

X-yPiiPjiPmoiPm^ • • 'X{pi,pj,p mn ,p mo ) = 1 

2. Face compatibility: If [pi,Pj,Pk,Pi] an d [Pi',Pj,Pk,Pi] are two simplices with a common face 
[pj,Pk,Pi] then 

X(pj,pi,pk,Pi)X.(p k ,pi,p h pj)X(pi,pi,pj,p k ) = *X.(pj,Pi',p k ,pi)X(p k ,Pi',pi,pj)X(pi,pi<,pj,p k ) 

Definition 2.15 To each cross-ratio structure associated to a triangulation as above we define the 
element 

(3(T, X) = J2([4i} + [*?o] + [4a] + I4i}) e V(C) 

s 

where s indexes the simplices in the triangulation and zf- are the cross-ratios of the simplex s. 

Consider (T',X') and (T, X), two cross-ratio structures on two triangulations obtained from 
each other by an elementary move. Given the five vertices {i, j, k, I, m} = {0, 1, 2, 3, 4}, where the 
move is concentrated as above, we write (ijkl) the cross-ratio defined by these points (which might 
be X.'(ijkl) or ~X.{ijkl) according to which triangulation the simplex [ijkl] belongs). 

Definition 2.16 We say that (T",X') is obtained from (T,X) by an elementary move if the trian- 
gulation T' is obtained from T by an elementary move and the following relations are satisfyed: 

1. edge compatibility conditions 

{ijkl) = (ijkm)(ijml). 

2. face compatibility conditions 

(ijkl)(ljik)(kjli) = (imkl)(lmik)(kmli). 

Theorem 2.17 //(T',X') is obtained from (T, X) by an elementary move then /3(T' ,X') = /3(T, X). 
Proof. It is exactly the proof of Theorem 5.2 in |F3| . □ 



2.4 CR geometry (see P ESI E3 H]) 

CR geometry is modeled on the Heisenberg group 9T, the set of pairs (z, t) 6 C X R with the product 

(z,t) ■ (z',t f ) = (z + z',t + t f + 2Imzz-'). 

The one point compactification of the Heisenberg group, 9T, of 9T can be interpreted as S s which, 
in turn, can be identified to the boundary of complex hyperbolic space. 

We consider the group U(2, 1) preserving the Hermitian form (z,w) = w*Jz defined on C 3 by 

the matrix 

1 

J - ! 1 

1 



and the following subspaces in C 2 ' 1 (that is, C 3 with the above Hermitian form). 

V = {z£C 3 -{0} : (z,z}=0}, 

V- = {zeC 3 : (z,z)<0}. 

Let P : C 3 \ {0} — > CP 2 be the canonical projection. Then Hj^ = P(V_) is the complex hyperbolic 
space and S 3 = SHJ 2 . = P(Vb) can be identified to 9T. 

The group of biholomorphic transformations of H 2 . is then PU (2,1), the projectivization of 
U(2, 1). It acts on S 5 by CR transformations. We define C-circles as boundaries of complex 
lines in H 2 . Analogously, M-circles are boundaries of totally real totally geodesic two dimensional 
submanifolds in H 2 .. Using the identification S 3 = 9TU{oo}, one can define alternatively a C-circle 
as any circle in S s which is obtained from the vertical line {(0,t) £ 9T | t £ R } U {oo} in the 
compactified Heisenberg space by translation by an element of PU(2, 1). Analogously, M-circles are 
all obtained by translations of the horizontal line {(x, 0)£91|x£l}U {°°}- 

A point p = (z, t) in the Heisenberg group and the point oo are lifted to the following points in 



"2,1. 



P 



-\z\ 2 +H ' 
2 

Z 



and 



oo 



Consider C 2 ' 1 with the Hermitian form defined by J. The Hermitian structure defines a 
Hermitian form on A 3 (C 2,1 ). In fact, let {ei,e 2 ,e3J be a basis of C 2,1 such that 

(ei,ei) = (e 2 ,e 2 ) = -(e 3 ,e 3 ) = 1. 

Then e = e\ A e 2 A e^ is a basis of A 3 (C 2,1 ) and we define (e± A e 2 A e^, e± A e 2 A 63) = —1. 

Definition 2.18 Let v,w 6 C 2,1 . We define the Hermitian cross-product vMw by the formula 

(u, v Kl w)e = u A v A w, 

for all u £ C 2 ' 1 . 

In coordinates, v = (^0)^1^2) and w = (wo,w\,W2), we compute 

V M W = (voWl — V1W0, V2W0 — VqW2,V\W2 — ^2^l)- 

So we observe that the coordinates of v M w are in the field generated by the conjugates of the 
coordinates of v and w. 

Definition 2.19 Given any three ordered points Po,Pi,P2 £ dH^, we define Cartan's angular 
invariant A as 

HPo,Pi,P2) = arg(-(po,]5i)(j5i,j3 2 )(j3 2 ,po)). 

Triple of points in S 3 are classified by their Cartan invariant according to the following proposition 
by Cartan (see [G]). 

Proposition 2.20 Two ordered triples of pairwise distinct points (po,pi,P2) a nd (pd,pi,p 2 ) in 

dH 2 ^ are equivalent under an element of PU (2,1) if and only if 



HPo,Pi,P2) = A(p' ,p[,p' 2 ). 



Definition 2.21 We say that n (n > 1) points in S 3 are generic if they are distinct and, ifn>3, 
any three of them are not contained in a C-circle. 

As the action of PU(2, 1) is doubly transitive, a simple computation gives the following nor- 
malization for a triple of generic points. 

Lemma 2.22 One can always normalize a triple (po,Pi,P2) of generic points in S 3 so that in the 
compactified Heisenberg group they are 

Po = oo pi = (0,0) p 2 = (l,t) withteR. 

In that case tan A(po,pi,p2) = t. 

2.5 Configurations of four points 

We refer to Figure Q] to describe the parameters of a tetrahedron (see also [F21 IF3| ). Consider 
a generic configuration of four (ordered) points (po,pi,P2,P3) in S 3 . Fix one of them say po and 
consider the projective space of complex lines passing through it. Then pi,P2,P3 determine three 
points h,t2,t3 on CP 1 . The fourth point corresponds to the complex line passing through po and 
tangent to S 3 , call it to- The cross-ratio of those four points in CP 1 is Zoi = X(io, tx,t2,ts) (here, 
X is the usual cross-ratio of four points in CP 1 ). We define analogously the other invariants Zij, 
< i,j < 3. If we take po = oo, the complex lines passing through po intersect 91 in vertical lines 
which are then determined by a coordinate in C Up to Heisenberg translations, we can assume 
that p\ = (0,0) and p2 = (1,S2) and p^ = (2011*3), *2) *3 E M. The corresponding points in CP 1 
will be oo,0,l,zoi- Therefore one "sees" at the vertex p$ the Euclidean triangle determined by 
0,l,2oi EC. 

We associate to each vertex i, in the edge [ij], the invariant (ijkl) where the order of k and I 
is fixed by the right hand rule with the thumb pointed from j to i. A shortcut notation for the 
invariants is therefore 

Zij = (ijkl), 

the indices kl being determined by the choice ij. 

In order to give an explicit formula (see [W21 IGej ) , denote by p a lift of p E S 3 . 

Definition 2.23 Given two points pi and pj in S 3 , a polar vector Cij is a perpendicular vector to 
the complex line defined by pi and pj . 

Observe that a polar vector is given by solving the equations (pi,%) = (pj,(Hj) = and therefore 
one can choose a polar vector to have coordinates in the field defined by the conjugates of the 
coordinates of pi and pj . 

Definition 2.24 Consider a generic configuration of four (ordered) points {po,Pi,P2,P3) in S 3 . 
For \pi,Pj,Pk,Pi] E AO + ; a positively oriented configuration, define 

C-n\ (Ph c ij)(Pk,Pi) 
Zij = (ijlk) = — \ 

(Pk, Cij) (pi, Pi) 

It satisfies the relations (ijlk) = (ijkl)~ l and 



ZijZji — ZkiZlfc . 

Moreover, we have the following description of the space of configurations of four points. 
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Proposition 2.25 (cf. [F2l) Configurations (up to translations by PU (2,1)) of four generic points 
in <S 3 are parametrised by 

Vc (C*\{1}) 12 

with coordinates z%j, 1 < i ^ j < 4, defined by, for (i,j, k, I) an even permutation of (0, 1, 2, 3), the 
usual similarity constraints 

1 

1 — Zij 

and the three complex equations 

with the exclusion of solutions such that ZijZjiZikZkiZuZn = — 1 and ZijZji S R. 

Remark: The real solutions parametrise configurations with four points contained in an R- 
circle. The solutions such that ZijZjiZikZkiZuZu = —1 and ZijZji G R correspond to degenerate 
hyperbolic ideal tetrahedra with four points contained in the boundary of a totally geodesic plane 
in real hyperbolic space. They don't correspond to CR tetrahedra. Sec [Gc] for more details and 
[FT1 IWT1 IW21 IPPl IPPTI IFP] for other descriptions. 



We can also describe generic configurations of four points in S s by the following Lemma (see 
F2l Proposition 4.3]). 



Lemma 2.26 One can always normalize a quadruple (po,Pi,P2,P3) of generic points in S s so that 
in the compactified Heisenberg group they are 

Po = oo pi = (0,0) p 2 = (l,t) p 3 = (z,s\z\ 2 ), 

where (z, t, s) are in the set 

if = {(z,s,t)eCxKxK|z/0,l and z^-^ / 1 }. 

In that case, the invariants of the configuration are 

z(s + i) z[(t + i) - z(s + i)] z(z-l)(s-i) 

ZQl = Z, ZlO = . ; ■ ; ^23 = 7 TT7T a > z 32 ~ 



t + i ' Z6 (z-l)(t-i) ' AZ (t + i)-z(s + i)' 

So the set V in the above proposition is homeomorphic to the set K defined above. 

Definition 2.27 To each configuration of four generic points (po,Pi,P2,P3), w ^ define an element 

P(P0,Pl,P2,P3) ■= [Z0l] + [^10] + [^23] + [232] 

in V(C), the pre-Bloch group. 
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3 A 'P(C)- valued CR invariant. 

In this section, let G = PU(2,1). For n > 0, we define C n (S 3 ) to be the free abelian group 
generated by the set of all generic (n + 1) ordered points in S 3 (see Definition I2.2ip , 

The group G acts on S 3 and therefore it acts diagonally on C n (S 3 ), which gives C n (S 3 ) a left 
G-module structure. 

We define the differential d n : C n (S 3 ) -> G„_i(,S 3 ) by 

n 
d n (po,...,p n ) = ^(-r/Oo, . . . ,Pi, . . . ,p n ), 

i=0 

then we can check that every d n is a G-module homomorphism and d n o d n+ \ = 0. Hence we have 
the G-complex 

C.(S 3 ) : ■ ■ • -> C n (S 3 ) -)• Cn.^S 3 ) -►■•.-► G (S 3 ). 

We define the augmentation map e : Go(5 3 ) — > Z by e(x) = 1 for each x £ S 3 . 

Lemma 3.1 (cf. [Slj pg. 221) The augmentation complex C,(S 3 ) — } Z — > is exact. 

Proof. Let G_i(S 3 ) = Z. For z = ^£i n i(Po' ■ ■ ■ tP % k) e ker(i fc , we can choose a point p <E S 3 
such that if A; > 0, p,p l , ■ ■ ■ ,p\ are generic for all i; if k = 0, p,p l are distinct for all i. Hence 
(p,Pq, . . . ,p\) E Cfc+i(5 3 ) and we can check directly that d^T^Li n i{P-,Po, ■ ■ ■ ,P\)) = z - D 

For a left G-module M, we denote M G its group of co-invariants, that is, 

M G = M/{gm-m,Mg GG,m£ M), 

where (gm — m,\/g E G,m E M) is the submodule of M generated by all the elements of the form 
gm — m,g E G,m E M. Take the co-invariants of the complex G,(5 3 ), we get the induced complex: 

C.(S 3 ) G :-..-». G n (S 3 ) G -* G n _!(S 3 ) G -)• • • • -> C (S 3 ) G , 

with differential J n : C n (S 3 ) G —> C n -i(S 3 ) G induced by d n . Since G acts double transitively on 
S 3 , we see that C n (S 3 )G = Z if n < 1, and the differential d\ : C\{S 3 ) G — > Co(S 3 )c is zero. 
The equivalence class of three generic points under the action of G is determined by their Cartan 
invariant (see Proposition 12. 20p . so we get 

C 2 (S 3 ) G = Z[R}. 

Explicitly, a triple (po,Pi,P2) £ G2(S* 3 ) determines an element t = tan A(po,Pi,P2) E Z[M]. In 
normalized coordinates, (oo,0, (l,t)) E G2(S' 3 ) is represented by t E Z[R]. The differential 

d 2 :C 2 (S 3 ) G ^C 1 {S 3 ) G = 'L 
is given on generators by d2{po,p\,P2) = L 

By Lemma 12.261 we can describe C^(S 3 ) G as follows: 

C 3 (S 3 ) G = Z[K], 
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where 

K = {(z,s,t) GCxMx R\z^Q,1;z- — - / 1}. 

In normalized coordinates, (oo,0, (1, t), (z, s\z\ 2 )) G C 3 (S 3 ) is represented by (z,s,t) G %[K], so 
that 

C 3 (S 3 ) G = Z-(oo,0,(l,t),(z,s\z\ 2 )). 
(z,s,t)eK 

By Z-linear extension of Definition 12.271 to C 3 (S 3 )g, we have a homomorphism 

J3:C 3 {S 3 ) G ^V{C) 

given by 

k k 

^ruip^plplp^) ■-»■ 5Z"J/9((Po»Pi»^»^))- 
i=l Z=l 

Lemma 3.2 (3(Im(d 4 )) = in P(C). 

Proof. We need to show that the images are in the subgroup generated by the 5-term relations. 
This is a special case of Theorem 1 2 . 1 71 and follows from Theorem 5.2 in [ F3] . □ 

Therefore, f3 induces a well-defined homomorphism: 
defined by 

c([P0,Pl,P2,P3]) = P(P0,Pl,P2,P3), 

where \po,pi,P2,P3] denotes the equivalence class of (po,pi,P2,P3) in the quotient group. When we 
restrict to H3(C,(S 3 )g), we get a homomorphism: 

c:H 3 (C.(S 3 ) G )^V(C). 

Remark 3.3 In the real hyperbolic case, we have G = PSL2(C) acting on CP 1 and the corre- 
sponding G-complex. In that case, we know that Hs(C m (CP ) psl 2 (C)) ^ s e Q U( il to V(C). 

Normalizing the four points po = oo, p\ = 0, p2 = (l,i), P3 = (z, s\z\ 2 ) according to Lemma 
12.261 we obtain the following invariants; 

z(s + i) z[(t + i) - z(s + i)} z(z-l)(s-i) 

ZOI = Z, Zio = - ; . , Z23 = 1 7TT; ^ > z 32 



t + i ' zo {z-l)(t-i) ' oz (t + i)-z(s + i) 

and the homomorphism c : jTfy — > V(C) can be expressed as 

c(\po,Pl,P2,P3\) = [Z0l] + [zw] + [223] + [-Z32]- 

Definition 3.4 Given a configuration [po,pi,P2,P3] £ C 3 (S 3 ) G , we say it is symmetric if it lies in 
the kernel of d 3 ■ C 3 (S 3 ) G -> C 2 {S 3 ) G . 
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Note that this definition is related to the definition of a symmetric tetrahedron introduced 
in |F2} Section 4.3]. There, a configuration \po,pi,P2,P3] is symmetric if there exists an anti- 
holomorphic involution <p such that <p(pi) = Pj and f{pk) = Pi for {i,j, k, 1} = {0,1,2,3}. Three 
possible symmetries may appear, namely <p(po) = Pi, fipo) = P3 or tp(po) = P3- They are character- 
ized by A(p ,p 1 ,p 2 ) = A(po,pi,P3), A(po,p 2 ,P3) = A(p ,p 1 ,p 3 ) and A(p ,p 1 ,p 2 ) = -A(p ,p 2 ,P3) 
respectively. But the definition above concerns only the first two of them as shown in the next 
Lemma. 

Lemma 3.5 \po,pi,P2,P3] £ C^(S 3 )g is symmetric if and only if the Cartan invariants satisfy 

&(po,Pi,P2) = Hpo,Pi,P3) or A(p ,p 2 ,P3) = A(p ,p 1 ,p 3 ). 

PROOF. By the definition, 

d3(\P0,Pl,P2,P3\) = [Pl,P2,P3] ~ [P0,P2,P3] + [P0,Pl,P3] ~ [P0,Pl,P2]- 

Hence it lies in kernel of J3 if and only if in C2(5 ,3 )c, we have either 

\pi,P2,Ps] = [Po,P2,P3], and [p ,Pi,P3] = [Po,Pi,P2] 

or 

\pi,P2,P3] = \po,Pl,Pz], and [p ,P2,P3] = \po,Pi,Ps\- 

We know that in C I 2(5' 3 )g, two elements are equal if and only if their Cartan invariants are the 
same. It is known that the Cartan invariants satisfy the following cocycle conditions ([G] Page 
219]: 

HPl,P2,P3) - HP0,P2,P3) + Hpo,Pi,P3) - HP0,Pl,P2) = 0. 
Now the lemma follows. □ 



Proposition 3.6 Given \po,pi,P2,P3] £ C , 3(5' 3 )g &s above. Then it is symmetric if and only if 
one of the following two equivalent conditions holds: 
(1). t = s or t + s - 2(s • Re (z) + Im (z)) = 0; 
(2). \zq\\ = |z 32 |. 



Proof. By [F2|. Proposition 4.6], we have 

, 2(s -t)Rez + 2(1 + ts)Imz + t(l + s 2 )\z\ 2 -s(l + t 2 ) 

tanA(pi,p2,P3) = r, ^ — —. T2 ' 

\{s — i)z + t — l\ A 

and 

Izls — t -\- 2Im2; 
tanA(p ,p 2 ,P3) = j 7T0 , tanA(p ,Pi,P3) = a, tan.A(p ,p 1 ,p 2 ) = t. 

\z — 1\ A 

By Lemma 13.51 we see that it is symmetric if and only if t = s or s = V-iia — ~' w hich is 
condition (1). By the definition of Z01 and Z32, a direct computation shows that |zoi| 2 = 1 2^32 1 2 if 
and only if (t - s)(t + s - 2(s • Re (z) + Im (z))) = 0. □ 

Recall that 

V{C)=V(C) + +V(C)~ 

is the decomposition of "P(C) into the two subgroups preserved by the complex conjugation invo- 
lution. 
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Proposition 3.7 (1). The image of the homomorphism c : H3(C,(S 3 )g) — > V(C) contains V '(C) + ; 
the invariant subgroup ofP(C) under complex conjugation. 

(2). Suppose [pq,Pi-,P2-,Pz\ E C^{S^)g is symmetric. Then its image under the homomorphism c 
lies inV(C) + . 

Proof. For (1), we show that the subgroup generated by the images of the symmetric elements 
contains V(C) + . Consider the elements \po,Pi,P2,P3] of the form 

p = oo, Pl = 0,p2 = (l, t),P3 = (z,t\z\ 2 ); z£C-{0,l},teR. 

By Proposition 13.61 they are symmetric. By [F2, Corollary 4.11], we find the invariants: 

z i = z, z w = z, z 2 3 = ze ie , z 32 = ze~ ie ; z <= C - {0, 1}, 9 £ R. 

Therefore, we have 

c(bo,Pi,P2,P3]) = [z] + [z] + [ze ie ] + [ze- i0 ] (4) 

By [Sahl Theorem 4.16], V(C) is a Q-vector space. Let B = Yli=i n A a i\ ^ V{G) + . Then 
a ( B ) = Yyi=i n iW\ = B - Hence 



k 

B = \(B + (7(5)) = \Y,m([ai) + [al]). 



i=l 



■2 



Choose bi E C such that a, = b 2 and therefore a, = 6, . By \DS\ Theorem 5.23], we know that in 
V(C), [a 2 ] = 2([o] + [-a]). Therefore, 

k 

B = Y,n i ([b i ] + [k] + [-b i ] + [-q). 

1=1 

Now in (|3|), if we choose z = bi and e % ® = — 1, we see that the first part follows. 

For (2), let T = c([p ,pi,P2,P3]) = [zqi] + [zio] + [223] + [232]- Using the 5-term relations, a 
direct computation shows that in V(C), the difference cr(T) — T is equal to 

032(1 - z 10 ) , 032(1 -^23) 1 r Z i(l -023) 1 ^oi(l-zio) , 
201(1-223) 001(1-^10) 2 32 (l-0io) 232(1-223) 

Put 

2 32 (l-0io) , 232(1-023) 



20l(l-223)' O l(l-01o)' 

we can rewrite 

a(T) -T=[a] + [b] + [(a)" 1 ] + [(B)- 1 ], and ab = j^l 
Foil 

Since bo>.Pi>P2>P3] is symmetric, by Proposition 13.61 a b = 1, he. 6 = a -1 . On the other hand, we 
know in V(C), 

[0] + [0- 1 ] = 0, 

therefore 

a(T) -T=[a} + [a' 1 } + [(a)" 1 ] + [a] = 0. 

That is, cr(T) = T and the image lies in V(C) + . □ 
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Remark 3.8 The previous proposition shows that the homomorphism c : H^(C 9 (S 3 )g) — > V{C) is 
non-trivial, and V(C) + is equal to the image of the subgroup generated by the symmetric configu- 
rations. It would be very interesting to determine its kernel and image. 

Let M be a 3-dimensional spherical CR manifold (possibly non-compact). Suppose it has a 
triangulation consisting of finitely many CR tetrahedra, say M = Ax U • • • U A^ with each Aj a 
CR tetrahedron (here we suppose that the triangulation is ideal if the manifold is non-compact). 
Denote Pq,p\,P2,p\ the four vertices of Aj where the order of the vertices is consistent with the 
orientation. 

Definition 3.9 Let M be as above with the CR triangulation. Define an element [M] G j (j ? by 



[M]:=Yy Q ,p\,P2Jz\- 



i=l 

Lemma 3.10 1. [M] is independent of the triangulation. 
2. [M] G H 3 (C,(S 3 ) G ), that is, d 3 ([M]) = 0. 

Proof. 1. If M is closed, we know that two different triangulations can be obtained from one 
to the other by Pachner moves. If M is not closed, by Theorem 12. 131 the same result holds. From 
the definition, it is clear one Pachner move gives an element of Im^). Hence [M] is independent 
of the triangulation. 

2. Since M is triangulated, their faces are matched and the terms in c?3([M]) are canceled out 
in pairs. □ 

In the following definition we suppose that a triangulation of a non-compact manifold is ideal. 

Definition 3.11 Let M be a 3-dimensional spherical CR manifold with a CR triangulation. We 
define 0(M) := c([M]) G V(C). 

Now recall the Bloch-Wigner function (See Definition EH]) D : V(C) -)• R. 

Theorem 3.12 Let M be as in the definition\3JJl Then D(J3(M)) = 0. 

Proof. For a configuration [po,pi,P2,Ps] £ Cz(S 3 )g with its cross-ratios Zij, by remark 3 of 
section 6 in |F3j page 14], we have the following identity: 

_ e 2 4 A( PlM ) = z . lZ . lZkh 

where [i,j, k, I] is an even permutation of [0, 1, 2, 3]. By [F3t Proposition 6.5], we obtain: 

2D(c([po,p u p 2 , P3 })) = D(-e 2iA ( pi > P2 > P3) )+D{-e 2iAipo ' P3 ' P2) )+D(^^^ 

Let M = Ai U • • • U Afc with each Aj a CR tetrahedron. Denote Pq,p\,p\,p\ the four vertices of 
Aj and the order of the vertices is consistent with the orientation. Then by definition 

k 

D((3(M)) = Y,D(c([plp\,pl,pl})). 
i=l 

Since M is glued by the tetrahedra Aj, their faces are glued in pairs, and the corresponding Cartan 
invariants are equal. By the above formula of 2D(c(\po,pi,P2,P3])), we see that the terms in 
D(f3(M)) are canceled in pairs. Hence it is zero. □ 
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Remark 3.13 Note that D{j3{M)) is the CR volume of M defined in [F3]. The above theorem 
says that it is always zero. This is exactly the opposite to the real hyperbolic case where the volume 
is never zero. 

4 An invariant in B(k) 

In this section, we will discuss when the 'P(C)-valued invariant defined above can be defined in the 
Bloch group B(k) for k a number field. We first discuss the real hyperbolic case, where it is known 
that the invariant always lies in B(C). 

Observe first that given a cross-ratio structure (T, X) associated to a triangulation we may 
associate a field /c x = Q(z\, • • • ), where z%, ■ ■ ■ are all the cross-ratios. It is clearly preserved by 
taking finite coverings of the structure. Prom Proposition 4.2 in [ F3] we obtain: 



Proposition 4.1 The field fc x is invariant under elementary moves. 

For the case of an ideal real hyperbolic triangulation see |NR| . In particular, one can compare 
& x to a holonomy representation defined by an ideal triangulation. Recall that the invariant trace 
field of a representation p : T — > PSL(2, C) is given by taking lifts g G SL(2, C) of elements 
g G PSL(2,C) and defining ((Rj) 

k p = Q ({ Tr{g 2 ) \ g G F }) . 

For an ideal triangulation of a finite volume cusped hyperbolic manifold, the field obtained by ad- 
joining the cross-ratios of the ideal tetrahedra and the field obtained from a holonomy representation 
p are the same, that is k p = k K ( |NRj Theorem 2.4 pg. 277). Moreover, if we choose one tetrahedron 
with one of its faces normalized to be, in homogeneous coordinates of CP 1 , [1,0], [0, 1], [1, 1] (that 
is, oo, 0, 1 in C U {oo}), then the coordinates [zi, 1] of the vertices of the other tetrahedra obtained 
by developing the triangulation are all in the field A; x and any side pairing g G PSL(2, C) which 
identifies two sides of the triangulation has a lift with coefficients in the same field (see [NR| lemma 
2.5 pg. 278). 

In the case of CR structures analogous results were proven in [Gel] , Denote by g G SU(2, 1) a 
lift of an element g G PU(2, 1). Let the invariant trace field of a representation p : T — > PU(2, 1) 
be defined as (see [GeltlMc] ) 

fe p = Q({Tr(( / 5(7)) 3 )|7Gr}). 

For an ideal triangulation of a CR structure, we can develop it in S 3 by choosing one tetrahedron 
with one of its faces normalized to be, in homogeneous coordinates of CP 2 , 

[l,0 ) 0],[0,0,l],[(-l+it)/2,l + it,l] 

(that is, oo, 0, 1 + it in the compactified Heisenberg space 91), then the coordinates [zj, zf, 1] of the 
vertices of the other tetrahedra obtained by developing the triangulation are all in the field fc x . We 
will call such a construction a normalized development. 

Proposition 4.2 ([Gej) If (T, X) is a CR triangulation then 

k x =Q(z},zf,zj,zf), 

where [zj , zf , 1] are as above, the coordinates of the vertices of a normalized development. In 
particular, A; x is invariant under complex conjugation. 
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Definition 4.3 Let (T, X) be a cross-ratio structure. Define 

P k (T,X) = £([*&] + [z? ] + [z| 3 ] + [zj 2 ]) G 7>(A; X ). 

Remark: This definition depends on a choice of edge in each simplex of a triangulation. There 
are several ways to make it independent of the choice. We can use Lemma 12.41 and define it to be 
2/3(T, X) in 'P(k x (u)), where a; is a cubic root of unity. Or define it to be 

E(t z oi] + [*io] + [4»] + [4d + [*&] + [4)1 + [*J 3 ] + [4i] + [4»] + [4o\ + [^12] + \4i\) e P(fc*)- 

s 

Another definition that is independent of the particular choice of edges in each tetrahedron starts 
by defining a slightly smaller pre-Bloch group V{k^) as in ([NY] Definition 2.3 pg. 4) to be the 
quotient of the free abelian group Z[& x U 00] by the subgroup generated by 5-term relations and 

[1] = [0] = [00] = 0. 

Both definitions of the pre-Bloch group will differ by a torsion subgroup. With the definition above 
we have [z] = [tztj] and therefore one can define ^ s ([ z oi] + I^io! + [ z 23] + [^32]) as an invariant 
which does not depend on the choice of a pair of edges in each tetrahedron. 

4.1 The Real Hyperbolic invariant 

We will show for a finite volume non-compact real hyperbolic 3-manifold with ideal triangulation, 
the corresponding invariant lies in B(C). This follows from [NZ] (see a proof in [N Yj ) . But we give 
an elementary geometric proof of the identity which will give an idea of the proof in the CR case. 

Consider an ideal triangulation of a 3-manifold. We order the simplices by choosing arbitrarily 
a first one and then a second one with a common face. Having chosen n simplices we choose the 
(n+ l)-th as a simplex with one face in common with the union of the previous ones or, if there are 
two common faces, they share a common edge (if there are three common faces, the edges defined 
by each pair should be common too). In this way we obtain a polyhedron homeomorphic to a 3-ball 
with face pairings on its boundary (homeomorphic to a sphere). 

Suppose the triangulation has a hyperbolic cross-ratio structure. To each order on the simplices 
as above, we can associate a well defined map from the 0-skeleton of each simplex to CP 1 . We 
can associate with the first simplex the points 00, 0, 1, z and proceed determining the other vertices 
which are clearly defined by the cross-ratios. In fact, the map is determined by the chosen order 
on the simplices and the initial map defined on the 0-skeleton of the first simplex. 

Definition 4.4 The holonomy group of the hyperbolic structure is the group generated by the face 
pairing transformations of the polyhedron. 

Let pi G CP 1 be the vertices of the development map as above. Choose a lift Vi G C 2 for each 
vertex p^. The vertices of the faces of the polyhedron are identified by side pairings in PSX(2,C) 
but their lifts to C 2 might not be identified by lifts of the side pairings to SL(2,C). 

Definition 4.5 We call a lift of the vertices of a development of a triangulation special if there 
are lifts of the side pairings which preserve the lifted vertices up to multiplication by —1. 

Lemma 4.6 Any ideal triangulation of a finite volume 3-manifold has a special lift. 
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Proof. We consider a finite ideal triangulation of the 3-manifold and its development by ideal 
tetrahedra in hyperbolic space. We are only interested in its vertices in CP 1 . Let F G PSL(2,C) 
be the holonomy group of the hyperbolic structure. 

Choose one vertex p £ CP 1 and a lift v G C 2 of p. Without loss of generality, we suppose that 
v = (1,0) (p = oo). The elements of SX(2,C) which are lifts of elements of the parabolic group 
fixing p are of the form 

" 1 * 
1 

Consider all vertices identified to p by the holonomy group. That is, the other vertices pi are 
obtained by p. L = gip for g^ S T. Let gi S SL(2, C) be a lift of g. L and let vi = gtv. We first observe 
that the definition is compatible up to a multiplication by —1. Indeed, if g^p = gip then gf g^p = p 
and therefore gT g^ is parabolic (or the identity) and g^v = ±giv. 

Let g G T be a side pairing of the polyhedra obtained by the development map. We have 
99iP = 9jVi therefore (gj)~ 1 ggiP = p and we conclude that {gj)~ l ggi is parabolic and then its lift 
(ffj) -1 55« i s a parabolic element (or the identity element) fixing v up to sign. This implies that 
ggiV = ±(jjV and we conclude that 

gvi = ±Vj. 

We do that for each cycle of vertices and obtain that the lift is special. □ 

Here we use the following observation in [DZj. Let vi = (vj,vf) £ C 2 for < i < 3 and define 
the determinant 



[Vi,Vj\ 



vj v) 



Suppose (vo, vi,V2,Vs) is a quadruple of points in C 2 so that they define a quadruple of pairwise 
distinct points {po,Pi,P2,P3) in CP 1 , where h(vi) = pi is the projection in projective space. Observe 
that 

r n [v2,V ][v 3 ,Vi] 

[P0,Pl,P2,P3\ = 7 T7 T 

lU3,UoJl«2,VlJ 

is the cross ratio of the projection of the four distinct points in CP 1 . 

If we choose a special hyperbolic lift of a triangulation, we obtain a well defined function (up 
to a sign) on the 1-simplices of the triangulation. That function recuperates the cross ratio of the 
3-simplices according to the formula above. 

4.2 Bloch identity 

Definition 4.7 Given a finite hyperbolic triangulation T = (Ti,Zi) by ideal tetrahedra, we define 
its Bloch sum by 

8{P{T))=Y J Z i h{l-z i ). 

i 

We prove 

Theorem 4.8 For a finite ideal triangulation T of a finite volume hyperbolic manifold 

5{(3{T)) = 0. 
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Proof. Consider a development of the triangulation with vertices in CP 1 . There exists a special 
lift by the Proposition above. We compute the following sum 

X^Pi.J&Pa] A [Po,P 2 ,P3,Pi]- 

i 

For each tetrahedron (po,Pi,P2,P3), let Wj be the lift of Pi. Then 

b>0,Pl,P2,P3 = 7 77 7- 

Therefore 

[P0,Pl,P2,P3j A [po,P2,P3,PlJ = 7 77 7 A 



[w3,Wo]^2,«l] [«l,Uo][U3,V2] 
= [vo,v 2 ] A [t?o,V3] + N,w 2 ] A [v 2 ,vi] - [v ,v 2 ] A [v 2 ,v 3 ] - [v ,v 2 ] A [« ,Vl] 

+ [l>l,V3] A [V0,U3] + [V1,V3] A [v 2 ,v{\ ~ [vi,«3] A [^2,^] ~ fal,^] A [uOjUl] 

- [U1,V2] A [vo,U 3 ] - [vi,V 2 ] A [u 2j Ul] + [V1,V2] A [v 2 ,V 3 ] + [vi,V 2 ] A [v ,Vi] 

- [vo, v 3 ] A [v , v 3 ] - [v , v 3 ] A [v 2 ,vi] + [vo, v 3 ] A [v 2 ,v 3 ] + [vo, v 3 ] A [v ,Vi] 
Observe that (—a) Ab = a Ab and [v, u>] = — [u>, u]. Therefore we can write 

[P0,Pl,P2,P 3 ] A [po,P2,P3,Pl] = 

[vo,n] A [u ,u 2 ] + [v ,v 2 ] A [v ,v 3 ] + [uo,^] A [f ,fi] + 
[ui , u 2 ] A [vi , v ] + [vi , v 3 ] A [vi , v 2 ] + [vi , v ] A [vi , v 3 ] + 
[v 2 ,v ] A [v 2 ,vi] + [v 2 , Vl] A [v 2 ,v 3 ] + [v 2 ,v 3 ] A [v 2 ,v }+ 

[V3,V ] A [V 3 ,V 2 ] + [v 3 ,V 2 ] A [v 3 ,Vl] + [v S ,Vl] A [v 3 ,V ] 

This shows that each face of a fixed tetrahedron appears three times in the sum but the terms 
corresponding to a common face between two tetrahedra appear with opposite sign. When the 
faces are identified by a side pairing, the lift of the side pairing, at most, changes the sign of the 
lifted vertices. But the terms of the sum above are invariant under sign change. □ 

4.3 CR invariant 

Let Vi,v 2 £ C 2 ' 1 be two vectors in the Hermitian space C 2,1 with Hermitian product (•, •). We will 
write v\ 2 = x>\ M v 2 for the (alternating bilinear) Hermitian cross-product as defined in 12.181 It 
satisfies, for any vi,v 2 ,v 3 £ C 2 ' 1 , 

(ui,t>23) = (v 2 ,V3i)- 

For four generic points (po,Pi,P2,P3) i n <S* 3 and Vi G C 2 ' 1 chosen lifts, put 

r 1 («3,«0l)(V2,«0) 

bo,Pi,P2,P3 = t w r- 

Then by Definition E23 EJH we have 

0(PO,Pl,P2,P3) = [P0,Pl,P2,P3] + [Pl,P0,P3,P2] + [P2,P3,P0,Pl] + [P3,P2,Pl,Po]- 
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The next proposition computes the image of (3(po,Pi,P2,P3) under the map 

5 : V(C) -» C* A C* 

defined on the generators of V(C) by S([z\) = z A (1 — z). The main objective is to obtain an 
expression which depends on four oriented surface terms. These terms will cancel out when two 
configurations have a common face. 

Lemma 4.9 Let pi G S 3 , < i < 3 ; be four pairwise distinct points and Vi £ C 2 ' 1 chosen lifts (to 
simplify notations we will denote Vi simply i). We have 

R(M w io m\ * <0.1)<1.3)<3,0) , a (0,2)(2,1)(1,0) 

-^(PD,Pi,p 2 ,P3)) = <3 > 01) A (0>3)<3>1)(1>0) +(2,01) A (0>1)(1>2)(2>0) 

. (0,3) (3, 2) (2,0) , . (1,2)(2,3)(3,1) 

+ (2, 0) A (3, 0) + (1, 0) A (2, 0) + (3, 0) A (1, 0) 
+ (3, 1) A (2, 1) + (0, 1) A (3, 1) + (2, 1) A (0, 1) 
+ (0, 2) A (1, 2) + (3, 2) A (0, 2) + (1, 2) A (3, 2) 
+(1, 3) A (0, 3) + (2, 3) A (1, 3) + (0, 3) A (2, 3). 

Proof. To simplify notation we write 

to,.™,*! - [0,1,2,3] = |£Hf. 

Also, observe that 

-<5([0, 1,2, 3]) = [0,1, 2, 3] A [0,2, 3,1]. 

Therefore we need to compute 

-8(/3(p ,Pi,P2,P3)) = [0,1,2,3] A [0,2,3,1] + [1,0,3,2] A [1,3,2,0] 

+ [2, 3, 0, 1] A [2, 0, 1, 3] + [3, 2, 1, 0] A [3, 1,0, 2] 
_ (3,01)(2,0) a (1,02) (3,0) | (2, 10) (3,1) a (0,13) (2,1) 



(2,01)(3,0) (3,02)(1,0) (3,10)(2,1) (2,13)(0,1) 

(1,23) (0,2) (3,20)(1,2) (0,32)(1,3) <2,31)(0,3) 
(0,23)(1,2) (1,20)(3,2) (1,32)(0,3) (0,31)(2,3) 

We may use the distributive property of the wedge product to obtain a sum of three types of terms. 
The first type one is of the form (i,jk) A (i' ,j'k'). The second one is of the form (i,jk) A (n,m). 
The third type is (i,j) A (n,m). 

Using the property (1,23) = (2,31) = —(1,32) and the fact that (—1) A z = for all z we can 
treat (i,jk) as invariant under all permutations. 

We obtain by a straightforward computation that all terms of type 1 cancel out. Also, the terms 
of type 2 can be written in a more concise form as 

. (0,1) (1,3) (3,0) , . (0,2)(2, 1)(1,0) , . (0,3)(3,2)(2,0) , . (1, 2)(2, 3)(3, 1) 
(3,01)A ) ' ' ' +(2,01)A ' ' +(3,02)a ) +(2,31)A X 



(0,3) (3,1) (1,0) - ' (0,1)(1,2)(2,0) N ' ' (0,2) (2, 3) (3,0) N ' ' (1,3)(3,2)(2, 1) 
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Finally, the terms of type 3 are the following 

(2,0) A (3,0) + (1,0) A (2,0) + (3,0) A (1,0) 

+ (3, 1) A (2, 1) + (0, 1) A (3, 1) + (2, 1) A (0, 1) 
+ (0, 2) A (1, 2) + (3, 2) A (0, 2) + (1, 2) A (3, 2) 
+(1, 3) A (0, 3) + (2, 3) A (1, 3) + (0, 3) A (2, 3). 



□ 



Consider a CR triangulation and Let pi £ S 3 be the vertices of the developement map as in 
the real hyperbolic case. Choose a lift Vi £ C 3 for each vertex p^. The vertices of the faces of the 
polyhedron are identified by side pairings in PU(2, 1). 

Definition 4.10 Define the holonomy group of a CR triangulation to be the group generated by 
the face pairing transformations of the polyhedron. 

Definition 4.11 We call a lift of the vertices of a development of a CR triangulation special if 
there are lifts of the side pairings preserving the lifted vertices up to multiplication by a root of 
unity. 

Lemma 4.12 If a CR triangulation is such that each vertex of the developed triangulation is the 
fixed point of purely parabolic elements (or the identity) of the holonomy group then it has a special 
lift. 

Proof. The proof is the same as in the case of real hyperbolic structures. That is, we divide the 
vertices into classes, each one obtained by translating a fixed vertex by elements of the holonomy 
group. That is, fixing a vertex p £ S 3 we consider all vertices identified to p by the holonomy 
group. That is, the other vertices pi are obtained by pi = gip for gi £ T. In order to verify the 
compatibility, suppose gip = gjp. Then g~ gip = p and by hypothesis gj gi is purely parabolic. 
Without loss of generality, we suppose that p = oo and let g, L £ SU(2, 1) be a lift of gi and let 
Vi = (jiV. Then gip = uigjp where co is a cubic root of unity. Let g £ T be a side pairing of the 
polyhedra obtained by the development map. We have ggip = gjp, therefore (gj)~ 1 gg-iP = p and 
we conclude that (gj)~ 1 ggi is parabolic and then its lift {gj)~ l ggi is a parabolic element (or the 
identity element) fixing v up to a cubic root of unity. We conclude that 

gvi = Vj. 

up to multiplication by a cubic root of unity. We do that for each cycle of vertices and obtain that 
the lift is special. □ 



Theorem 4.13 Let M be a 3- dimensional spherical CR manifold with a CR triangulation, say 
M = Ai U • • • U Afc with each Aj a CR tetrahedron. Suppose M is non-compact with purely 
parabolic boundary. Then its invariant /3(M) £ B(C), that is, 



Ew) = °' 
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Proof. The proof follows from the previous proposition. We choose a special lift and each face of 
a fixed tetrahedron appears four times in the sum but the terms corresponding to a common face 
between two tetrahedra appear with opposite sign. The only problem might arise with the side 
pairing maps, but the surface terms obtained will differ by terms (which are null) of the form uo f\a 
where wis a cubic root of unity. □ 

The arguments above are valid if we substitute C for k = fc x where A; x is the field generated by 
the cross-ratios of a triangulation. We will make the hypothesis that k is a number field in order 
to obtain a special lift: 

Lemma 4.14 // a CR triangulation with k = /c x a number field is such that each vertex of the 
developed triangulation is the fixed point of a parabolic or elliptic element (that is, we exclude 
loxodromic elements) of the holonomy group then a finite cover of the triangulation has development 
with a special lift. 

Here the root of unity appearing in the definition of a special lift is in k. 

Proof. We first consider a normalized development of the vertices. By Proposition 14.21 the 
coordinates of a normalised development of the triangulation are contained in the invariant field. 
By Lemma 3.4 of [Gej any element M in the holonomy is such that M 3 G SU(2, 1, k). Let T be the 
group generated by the cubes. It is a finite index subgroup of the holonomy group and we consider 
the corresponding finite cover of the triangulation. It defines the same field k but now the side 
pairings have lifts in SU(2, 1, k). Now we argue as before: we divide the vertices into classes, each 
one obtained by translating a fixed vertex by elements of the holonomy group. Fixing a vertex 
p € S 3 we consider all vertices identified to p by the holonomy group. That is, the other vertices pi 
are obtained by pi = gip for g, L G T. Suppose gip = gjp. Then g~ gip = p and by hypothesis gj gi 
is parabolic or elliptic with coefficients in k. Without loss of generality, we suppose that p = oo 
and let g^ G SU(2,l,k) be a lift of gi and Vi = cuv. Then g^p = figjp where fi is a root of unity in 
the field k. Let g E T be a side pairing of the polyhedra obtained by the development map. We 
have ggip = gjp, therefore {gj)~ l ggip = p and we conclude that {gj)~ 1 ggi is parabolic or elliptic 
and then its lift (5j) _1 <?5i fixes v up to a root of unity. We conclude that 

gvi = Vj. 

up to multiplication by a root of unity. We do that for each cycle of vertices and obtain that the 
lift is special. □ 



Theorem 4.15 Let k = fc x (which we suppose to be a number field) be the invariant field of a 
CR-triangulation of M with parabolic or elliptic boundary holonomy. Then there exists an integer 
d>\ such that d/3(M) G B{k). 

Proof. By the proposition above we obtain a special normalized lift of a certain finite cover of 
M. The proof then follows as in theorem 14.131 for the cover so that d/3(M) E B{k) for an integer 
d> 1. □ 



Theorem 4.16 Let A; x be the field of a CR-triangulation (T, X). Suppose &x C k where k is a 
purely imaginary quadratic extension of a totally real field. If /3(T, X) G B{k) then it is torsion. 
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Proof. We proved that D(f3(T, X)) = and the result follows from Borel's theorem. □ 

Let M be a CR-triangulation. Assume that its invariant j3{M) £ B(C). Then we have 
p{/3(M)) e C/vr 2 Q. By Theorem EH we know Imp(/3(M)) = 0. 

Definition 4.17 Let M be as above with (3(M) £ B(C). We define its Chern-Simons invariant to 
be the real part of p{j3{M)), denoted by CS{M). 

Remark Theorem 14.161 implies that if the invariant field associated to a CR structure is an 
imaginary quadratic extension of a totally real field then CS(M) = 0. 

5 Examples 

Besides the 5-term relation ([1]) at the beginning, it is known (|S1|) that we have two more identities 
inP(C): 

[z] + [z- 1 ] = 0, (5) 

[z] + [1 - z] = 0. (6) 

In the following, for a comlex number a, we will denote its complex conjugation by a. 

5.1 Figure 8 Knot Complement 

The Figure 8 knot complement K can be glued by two ideal CR tetrahedra. Solving the equations 
in |F2j imposing that R(H 2 ) be real, we obtain the following one real parameter family of solutions: 
Let 



o 



2 - 4/3 2 + 2^5 - 8/3. 



Observe that a is real for I = {/3 \ — ^ — ^r < /3< I }. Then one branch of solutions is given (for 
0€l), by: 



OL OL O. OL 

w 12 = (3 + —i; w 21 = /3 - —i; w u = j3 + -i; w i3 = (3 - —i. 



and 



V5-8/3 -2/3 + 1 + ai 

zu = V 5^ ? + 3 _ 4/3 - ** = ** ^4 = z 12 ; ,43 = z 12 . 



Lemma 5.1 The invariant 

[wn] + [w 21 ] + [w u ] + [w 43 ] + [z 12 ] + [z 21 ] + [z u ] + [z 43 ] = in V(C). 
PROOF. By the definition, we see that LHS= 2([iui 2 ] + [^12] + [Z12] + [^li])- We will check that 

1 W12 ,1 W2 

— = t = z 12 , and — = == — - = z 12 . 

1 — w\ 2 — 1 1 — = wi 2 - 1 

W 12 1 * W12 

Then it will follow that [^12] + [^12] = 0, and [wu] + [z\ 2 ] = 0. The lemma will be proved. We only 
need to check the first one since the second is the complex conjugation of the first one. 

Wl2 £ + §» (/3 + fz)((/?- 1) - fO W ~ 1) + x " fi] 



W X 2-1 (0-1) + ft (^-1)2 + ^ (/3 _l)2 + ^ 
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Multiplying by 2 on the numerator and denominator of the last fraction, we get 

w l2 _ 2/3Q0 ~ 1) + j ~ od 
Wi2~l~ 2(/3 - 1)2 + <£ 

By the equation of a and /3 at the beginning, we have 

2 

2/3 2 + — = 1 + y/5 - 8/3. 

Plug this in and simplify, we have 

w 12 _ (V5 - 8/3 - 2/3 + 1) - ad 



w 12 - 1 V5-8/3 + 3-4/3 



Z12- 



n 



For /3 = 1/2 we obtain a = \/3 and therefore the invariant 

P(K) = 4(M + p]), 

where ui = exp(-P) is a primitive cube root of unity. Since Id = w _1 , by ©, we see in V(C) 

[uj] + [to] = 0. 

So /3(iT) = 0. 

In |F2t Page 94], there are two other representations from the fundamental group of the figure 
eight complement to PU(2, 1). They have cyclic holonomy on the boundary. The first invariants 
are _ _ 

3 V7. 5 V7 . 3 V7. 5 y/7 . 

The second invariants are 

3 \/7 1 a/7 3 \/7 1 V7 

fl2= 2 + l" i; hl = —4-— V > t34= 2"^ ; t43 = -4 + ~ Z; 

Let -F = Q(v /— 7). Then we have the invariants 

/3i(K) = 2([™ 12 ] + Ki] + M + [W43]), /3 2 (^) = 2([ti 2 ] + [fai] + [t34] + M) G P(F) 

Proposition 5.2 (%). /3i(iT) = -2cp inV(F). 

(2). (3 2 (K) = inV(F). 

(3). f3i(K) G B(F) is a non-trivial torsion of order 3. 

Proof. (1). Let's put 

3 a/7. f 5 a/7. 

a = u> 34 = - - —1, b = W43 = j - —i, 

then __ _ 

1 h 5 ^- 1 - h 5 ^- 1 

—0= 1 = 1 — a, -0 = — 1 = 1 — a, 

2 8 8 '288 
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and 

[a] =c F -[l-a] = c F - [-6], [a] = c F - [1 - a] = c F - [-b]. 

Therefore, 

f 3 1 (W) = 2([b} + [b]-[h]-[h] + 2c F ). 

By the five-term equation ([I]), take x = -^i V = 2 b, then we obtain 

Direct computations show that 

1-i 3 y/7. ,1-2 1 1 

-r- = i- and 



1-16 4 4 ' ' 1 - (|6)-i ~ 1 + Q I-," 
Hence, 

H - [5H = Irb - W - Isl- 

Similarly by taking x = i, y = kb, we have 



fl - [is] = [^ - M - [i] 



Hence, 



&(*) = 2([^-] - H + [-^1 ~ [s] ~ c F ) + Ac F = 2([-^-] - [a] + [-?-=] " [*]) + ^ F . 
By Lemma 1.2 of [SI], in V(F) we have 

2([ r ^]) = -2[l-s], and 2([ r ^ i ]) = -2[l-s], 

so 

P^K) = -2c F - 2c F + 2c F = -2c F . 

(2). Notice that 

£43 = 1-^43, t 2 i = l-w 2 i, t 12 =w^; t 3A = w^ 2 1 . 

Hence we have 

[£ 43 ] = c F - [u7 43 ], [t 2 i] =c F - [w 21 ], 2[t u ] = -2[w 34 ], 2 [£ 34 ] = -2[wi 2 ], 

and 

(5 2 {K) = 2([£ 12 ] + [£ 2 i] + [£ 34 ] + [tm]) = 4cf - Pi{K) = 6c F = 0. 
The last equality comes from [Sl|, Lemma 1.5(a)]. 

(3). Since c F E 6(F), by (1), ft (if) 6 £(F). It is easy to see that for F = Q(\/ r 7), 
H(F) = {±1} = Z/2. Hence Tor(//(F),/z(F)) = Z/2. The result follows by Lemma EH. 

D 

Corollary 5.3 Both f3\{K) and (3 2 (K) are zero in 6(C). 

Proof. f3 2 (K) = in 6(C) since it is already zero in V(F). For /3i(K), since it is a torsion in 
13(F), it will be a torsion in 6(C). We know that 6(C) is torsion-free, hence Pi(K) = in 6(C). □ 
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5.2 Whitehead Link Complement 

The Whitehead link complement W can be glued by four ideal CR tetrahedra. See [Sc ]IGe| . Their 
CR invariants are: 

1 v^ , . 3 y/TE . 1 v^ 
A i = -- + -g-i; Aio = -2; A 23 = -- + —^-t; ^32=2 -^~ l - 

Boi = —2; Bio = Ani B 2 3 = A 32 ; B 32 = A 23 . 

Coi = Aqx\ Cio = —2; C23 = A23; C32 = ^32- 

A)i = —2; L>io = An; -D23 = A2; D 32 = A 23 . 
Let F = Q(-/^T5). Then we have 

/3(W) = 4[-2] + 2(L4 i] + P01] + [A3] + [A3] + [A2] + (Ad) e V(F) 

In V{F), by [Sll Lemma 1.2], for any z / 0, 1 we have : 

2([z] + [z- 1 ]) = 0. (7) 

Lemma 5.4 Lei z G F — {0, 1, —1}. Then we have 

2[z 2 ] = 4[z] + 4[-z]. 

Proof. By [Si, Lemma 4.5], we have [z 2 ] = 2([z] + [-z] + [-!}). By (0), we have 4[-l] = 0. 
Hence 

2[z 2 ] = 4[z] + 4[-z] + 4[-l] = 2[z 2 ] = A[z\ + 4[-z\. 

D 



Proposition 5.5 (%). 0(W) = 4[±] inV{F). 
(2). @(W) A (1 - /3(jy)) = 0, Zience ^(W) G £(F). 
($). 0(W) /las order 3 in B(F). 



PROOF. (1). Since I- A 32 = \ + ^-i = A 32 , by Definition [231 we get 

[A2] + [A32] = [A 32 ] + [1 - A 32 ] = c F . 
In the 5-term equation ([1]), take x = Aqi, y = AqiAqi = |Ai| 2 j we obtain in V(F): 

[Ai] ~ [|Ai| 2 ] + [An] - [ /:/% ] + L 1 "^ ] = 0. 
Therefore, 



[An] + [A>i] = [|Anl 2 ] + [ 



2- X ~ A)l 1 _ r l ~ Al I 

l-|Ani|- 2J ^-lAv^ 



ion x - 1^011 
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Direct computations show that 



1 - A' 1 
1 An 



1-1-4 



01 



A' 1 

^23 • 



1-A 



01 



1 - |^oi| 2 



-423' 



Therefore, 



[A 01 ] + L4 i] = [~] + [A£] - [1 - =!-]• 

4 ^-23 



We obtain that 

/3(W) = 4[-2] + 2( 
= 4[-2] + 2( 

= 4[-2] + 2( 

= 4[-2]+2( 

= 4[-2] + 2( 



] + [^l -[!-_] + [-4 23 ] + [-4 23 ] + cjr) 



A)l] + [A)l] + [-423] + P23] + [-4 32 ] + [-4 32 ]) 
1, ,._!, . 1 

4 J ' L " Z3J L ^3 

J] + [A^ 1 ] - [1 - J-] - [-L] + [-L] + L4 23 ] + [A 23 ] + Cjp) 
4 -4 2 3 A23 A23 

-] + [A^] -c F + [=-} + [A 23 ] + [A 23 ] + c F ) 

4 ^23 

J] 



+ [^23] + [-423 1 ] + P23] + [(-423)- 1 ]) 



= 4[-2] + 2[-] (By (ED) 

Next by Lemma 15.41 and ([7]), we have in V(F) 

2[z 2 } = A[z] +A[-z] and 2[z] = -2[2 -1 ] 



Therefore, 



Now in V(F) we have 



(2). Since 



P(W) e B(F). 



2[J]=4[i]+4[-i] = 4[l]-4[-2]. 



/3(^)=4[-2]+4[i]-4[-2]=4[i]. 



5(p(W) = 4(i A (1 - -)) = 4(i A i) = 0, 



(3). Notice /3(jy) = A[\] = 2([±] + [1 - ±]) = 2c F . It is easy to see that for F = Q( v /Z 15), 
fi(F) = {±1} = Z/2. Hence Tor (fi(F), fi(F)) = Z/2 and it has no element of order 3. By Lemma 
12.71 P(W) = 2cf is a nonzero 3-torsion in 13(F). □ 



Corollary 5.6 /3(W) = in 8(C). 

Proof. It follows from the fact that B(C) is torsion-free. 



D 
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